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SUMMARY

We show that the weighted bootstrap can be used to detect possible changes in the distribution of random
vectors. We illustrate our method with change-point detection in the monthly precipitation and water
discharges from Malo Raztoka. Copyright © 1999 John Wiley & Sons, Ltd.
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1. INTRODUCTION

JaruSkova (1994) and Gombay and Horvath (1997) analyzed the monthly averages of water
discharges from Nacetinsky measured during 1951-1990. Nacetinsky is located in the Erzgebirge
mountains and it was expected that the large deforestation in the Erzgebirge mountains may have
changed water discharges from Nacetinsky. Jaruskova (1994) and Gombay and Horvath (1997)
assumed that the data were from log-normal distribution. Changes in the mean of the log-
transformed data were found. In this paper we are looking for possible changes in the monthly
average water discharges from Malo Raztoka and the monthly precipitation measured at the
creek. No parametric form is assumed on the distributions. We discuss two methods to detect
possible changes in the data. The first one is based on empirical distributions, while the second
one uses Kendall’s tau. We obtain limit theorems for the test statistics under the ‘no change’ null
hypothesis. In both cases the limits will depend on the unknown underlying distribution, so the
results cannot be applied immediately to analyze the Malo Raztoka data. We use the weighted
bootstrap to approximate the distributions of the test statistics.

2. EMPIRICAL DISTRIBUTIONS

Let (X, Y),(X,, Y,),...,(X,, Y,) be independent random variables with distribution functions
FO(x,p), FA(x,y), ..., F"(x,y). We wish to test the ‘no change’ null-hypothesis

H,: FOx,») = FPx,y) = --- = F"”(x, y) for all (x, y) € R
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726 E. GOMBAY AND L. HORVATH
against the alternative

H , : there is an integer k*, 1 < k™ < n such that F(l)(x, y) == F(k*)(x, »),

FE(x p) = ... = F"(x, ) and F(I‘*)(xo,yo) + F(k*H)(xO,yO) with some (x,, y,).

We follow the method of Cs6rgd and Horvath (1997, Section 2.6). We divide the random sample
into two parts {(X,,Y)), 1 <i <k}, {(X,,Y)), k <i < n} and compute the corresponding empirical
distribution functions

A 1
F(x.p)=7 > IX,<x Y, <y}

1<i<k

and

S 1
F’Z(x,y) = m Z I{Xz < X, Yi < y}

k<i<n
We reject H if

a k(n — k a
7= max M= By - Fip)|
X,y

I<k<n I’l3/

is large. Let F denote the common distribution function under H. The limit of fn is given by

&= sup sup|Tu(x,y; 0,

0<r<1 xy

where {["4(x, y; 1), (x,y) € R?, t € R} is a Gaussian process with ET {(x, y; 1) = 0 and ET {(x, y;
DX, V5 0) = {(t A ) =t F(xnx', yAY') — F(x, y)F(xX', y')} where a A b = min(a, b). The next
result was obtained by Cs6rgé and Horvath (1997, p. 153).

Theorem 2.1. If H, holds, then
5 D
T,=>¢ (n— 00).

Csorg6 and Horvath (1997) pointed out that the test based on f’n has higher power against
change in the middle than against early or late changes. Introducing weight functions we can
increase the power of the tests against early or late changes. For details we refer to Csérgd and
Horvath (1997).

Unlike in the case of the univariate empirical process, the distribution of the supremum of the
weak limit of the bivariate empirical process depends on the underlying distribution function
even under the null-hypothesis. The underlying distribution is not specified under the null-
hypothesis, so we cannot use Monte-Carlo simulations to approximate the distribution function
of &. Thus in the applications Theorem 2.1 cannot be used directly to approximate the critical
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values of T"n. However, we show that the weighted bootstrap can be used to approximate the
distribution of 7). We assume that

&), &, ..., ¢, are independent, identically distributed random variables with var ¢,
=1 and E&} < 00 (1)
and
{e,, 1<i<n}and{(X,Y;), 1 <i<n}areindependent. (2)
Let

K\ _ip A
U k)= (1—- E —e )X, <x,Y. <
(X, v k) ( n)n (6, — g )X, < x,Y, <y}

1<i<k

S ERSY — X < Y, <), ®

n k<i<n

U,(x,y;0) = U/(x, y, n) = 0, where

=1 > siandﬁ’,’;:ﬁ > e

1<i<k k<i<n

We use replicas of

T, = max sup|U,(x,y; k)
v

n I<k<n x

to approximate the distribution of Tn. Our next result shows that 7' ', and Tn have the same limit
distribution.

Theorem 2.2. If H,, (1) and (2) hold, then
Tn - ¢ (n—> ).

The proof of Theorem 2.2 will be given in Section 5.

Now the simulation of the critical values of Tn can be implemented. We generate N
independent copies of the es, {¢;;, 1 <i<n},...,{¢y, 1 <i<n}andusing {¢;;, 1 <i<n}we
compute T, ; 1 <j<N. Let

i

Z IT, <1}

I<i<N

==

Hy (1) =

Putting together Theorems 2.1 and 2.2 we obtain that under the null-hypothesis

sup|P(T, <t} — Hy (0] 50 (N An— o0). (4)
t

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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Thus we have established that the data-driven simulation gives a uniformly consistent estimator
for the distribution function of T’ , under H. In order to have reasonable power when a change
occurred in the dzzta we must consider the behaviour of 7, and T, under the alternative. It turns
our that 7, and T, have different order under H ,. The consistency of our procedure will be an
immediate consequence of the following result.

Theorem 2.3. If H,, (1) (2) hold and k* = [n0] with some 0 < 0 < 1, then
f"n £ oo (n — o0) 6))
and
T,=0,(1) (11— o0). (6)

We prove Theorem 2.3 in Section 5.

Putting together Theorems 2.1-2.3 we conclude that the weighted bootstrap gives a rejection
region which has the correct asymptotic significance level under the null-hypothesis and very high
probability of rejection under the alternative. To demonstrate our claim, for any 0 < o < 1 we
define z)y () by

Zyal) =inf{z: Hy (6) =1 —a}.
Then by (4) we have under H|, that

lim sup P{Tn Zzy (@) <a
NAn— o0 ’

while under H , by Theorem 2.3 we conclude

lim P{T, >z, (@)} = L.

NAn— o0

(We note that if Fis continuous, then & has a continuous distribution function and therefore we
have that P{T, > z («)} — aas NAn — 00.)

3. KENDALL’S TAU

Kendall’s tau is a popular measure of association between random variables. Similarly to the first
section we split the data into two sub-samples after X, and define

. 2
‘Ck = k(k _ 1) | gi§<j<kl{(/\/j - Xv])(Yl - Y]) > O}
and
. 2
G amon ko, o - > 0

i<j<n

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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We reject H,,, if

k(n—k) .

M, = 17, — ¥ )

1 glk <n n32
is large. We note that Mn is a maximally selected weighted difference between two bivariate
U-statistics. For some applications of U-statistics to change-point analysis we refer to Csérgé and
Horvath (1988) and Gombay and Horvath (1995) (cf. also Section 2.4 in Csorgd and Horvath
1997). Our first result is the limit distribution of M, and H,.

Theorem 3.1. If H, holds, then

M 26 sup |B(?)] (n— o0)

n
0<r<l

with some ¢ = o(F), where {B(t), 0 < t < 1} stands for a Brownian bridge.

Since ¢ = a(F) depends on the unknown F it is difficult to estimate it from the sample. We use
again the weighted bootstrap to approximate the distribution of M. Let

0,00 = 2072 H0—= £OS = oMY, — X)(Y, - ¥) > 0)

I1<ij<k

Y (= EDIX, = X)(Y; = ¥) > 0)

n(n_ k<ij<n

and

M, =  max |U, (k).

Theorem 3.2. If H, holds, then

M B sup |B(?)| (n— 00),

0<r<1

where 0 = o(F) is from Theorem 3.1 and {B(t), 0 < t < 1} stands for a Brownian bridge.

Putting together Theorems 3.1 and 3.2 we see that the weighted bootstrap gives a consistent
estimator for the distribution function of M, under H, when the scheme discussed in Section 2 is
used. The consistency of the test procedure can be discussed similarly to Theorem 2.3. We note
that using Kendall’s tau we are checking if the parameter P{(X; — Xj)( Y, — Yj) > 0} is the same
for the first k and the last n — k observations for each k, 1 < k < n.

4. APPLICATIONS AND SIMULATIONS

The Malo Raztoka data consist of 36 pairs of monthly averages of water discharges and
precipitations for each months. We considered the measurements for October. Figure 1 is the
graph of V,(k) = n=>"k(n — k)sup,_ | F,(x, ¥) — Fy(x, )| for this data set. We used standard
normal random variables to generate the bootstrapped statistics. The bootstrap procedure was
repeated N = 1000 times. One of the graphs of the simulated sup, | U,(x, y; k)| is given in
Figure 2. No significant change in the data was found at 1 per cent significance level.

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)



730 E. GOMBAY AND L. HORVATH
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Figure 1. The graph of V, (k)

We also computed 7, and %, for the Malo Raztoka data. Figure 3 is the graph of R (k) = n=3
2k(n — k)| T — 2| for October. We used again standard normal weights in the bootstrap and the
simulations were repeated N = 1000 times. A typical graph of Un(k) is given in Figure 4. No
significant change was found at 1 per cent significance level.

We repeated our procedures for all months. No significant changes were found at 1 per cent
significance levels.

A small simulation study was performed to compare the approximations for the distribution
function of Mn provided by Theorem 3.1 and the bootstrap method in Theorem 3.2. If H, holds
and X, and Y, are independent, then ¢ = 1/3 in Theorems 3.1 and 3.2. We generated n = 50
independent pairs of independent standard normal random variables. Using again standard
normal weights and N = 1000 replicas the bootstrap approximation was computed for
P{M so < 7}. Figure 5 has the bootstrap approximation and P{sup,_ .| B(x)| < 37}.

5. PROOFS

We recall that F(x, y) denotes the common distribution under /. We can assume without loss of
generality (cf. Wichura 1973) that F(x,y) has uniform marginals on [0, 1]. Let p = E¢, and

Z,yi)=n""7 3" (- WHX, < x, ¥, <y},

I<i<snt

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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Figure 2. The graph of sup,. | U,(x, y; k)| using standard normal weights

Lemma 5.1: If H,, (1) and (2) hold, then

D[0,17°
Z,(x, ;)= Welx,p;0),

where {Wp(x,y;t),0 < x,y, t <1} is a Gaussian process with EW .(x, y; t) = 0 and EW y(x, y;
OWe(xX', Y 1) = (INC)F(XAX, yNY' ).

Proof: We apply Theorem 6 of Bickel and Wichura (1971). Let C and D be neighboring blocks in
the unit square in the sense of Bickel and Wichura (1971). They showed, that there is a finite,
continuous measure v on the unit square such that
E(I{(X,, Y) € C})’ < (C)
and
E(I{X,, Y,) € C)’(I{X,, Y,) € D})* < 3u(C)u(D).

Hence using (1) and (2) we obtain that

E((; — WX, Y)) € C)’ = E(e; — W’ EULX,, ) € C))’ < w(O)

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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Figure 5. The graphs of the bootstrap approximation for P{M50 <t} (-W-), and P{sup[, ., | B(x)| < 31} (-#-)
and
E((e; — WH(X,, Y) € CN((5; — WX, Y) € DY’
< E(e, — W' EUN(X,, Y) € CD’UL(X,, Y) € D))’
< 3E(e; — ' w(C)w(D).
Lemma 5.1 follows immediately from Theorem 6 of Bickel and Wichura (1971).

Proof of theorem 2.2: The process U, (x, y; k) does not depend on 1 so we can assume that p = 0.
First we write

1

k
Ui = (1-5) 3 snx < v <
n(x} ) n Z 8’{ 4 X

1<i<k 1<i<k
k _ip k —1/2
—Zn Y Z elX. <x, Y, <yl +—Flx,y)n / Z g
n k<i<n n k<i<n

k 1 L
(1= )P = D0 X <x v <o a7

1<j<k 1<i<k
_k F(x ,)_; Y X, <x Y, <yHn Y e (8)
n 4 n—k, & JSH LS — "
k<j<n k<i<n

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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By the law of the interated logarithm we have

max sup
I<k<nogxy<li

k 1 _
<I—Z)<F(x,y)—% Z I{ngx,ngy}>n 1/212 g

1<j<k <i<k
—1,2
= Op(n '"log log n) 9)
and
k 1 —-1/2
max sup |—| Flx,y) ——— HX. <x,Y.<y}|n Z g
I<k<nogxy<l1|n n—kk<j<n / / 52,
0.\
= Op(n '“log log n). (10)

Hence Lemma 5.1 yields
U, (x, y; ni) PIO.IF Cp(x, p; 1),
where

Fpx,y;0 = (1 = O{Wi(x, 3 1) — Flx, )W(1, 1; 0} = {We(x, y; 1) — Wix, y; 1)
= Fx, »)(WR(1, 15 1) — Wi(1, 15 )} (c)

It is easy to see that I'g(x, y; #) is Gaussian with ET p(x, y; t) = 0 and ET'p(x, y; O (X, 5 1)
= (A —t)F(xAX', yAY)—F(x, y)F(X/, ).

Proof of theorem 2.3: Csérgd and Horvath (1997, Section 2.6) proved (5).
Since (8)—(10) hold under the alternative, it is enough to show that

sup  |Z,(x, y; )] = Op(1). (11)
0<xyr<1

First we note that

—1/2

Y - WY, <x, Y, <))

1<i<k

sup |Z,(x,y; )| < sup supn

0<x,pt<1 1 <k<k* xy

-1/2
+ sup supn /
k*<k<n x,y

D G- wWHX, < x, Y, < y}‘.

k<i<n
Following the proof of Lemma 5.1 one can establish that {n~!%%, <icnd) & — WX, < XY, <yl
0<1<0,0<x, y<l}and {n"'PZ, _,_ (e, —wWHX;<x, y; <y}, 0<1<1,0<x, y<1}

converge weakly. Hence (11) is proven.

Copyright © 1999 John Wiley & Sons, Ltd. Environmetrics, 10, 725-736 (1999)
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Proof of Theorem 3.1: The result is a bivariate version of Theorem 1.1 of Gombay and Horvath
(1995) [cf. also Theorem 2.4.7 in Cs6rgd and Horvath (1997)]. Using Hall (1979) we get that

k k .
I<k<n (’;3/2 )(Tk k)_2// (xl _xz)(yl _y2)>0} (12)
k
dF(x,, ) d{M(Fk(xz,yQ) F*(xz,yz))H 0,(1),

and therefore without any modification one can copy the proof of Theorem 1.1 of Gombay and
Horvath (1995). The details are omitted.

Proof of Theorem 3.2: The proof is rather technical and lengthy so we will sketch the major steps
only. First we note that

U, (k) = 2n(n — k) f f K(x, — x,)(7, — »y) > O}F(x,, »,)

d{ 3 (e — X, < x,. ¥, < yz}} -k / / H(x, — x,)(y; —¥,) > 0}

1<i<k

k<i<n

dF?:(xl»yl)d{ Z (e; — EQNX; < x,, Yi<y2}}'

Next we must show that Fk(xl, »,) and F;*((x1 , ¥1) can be replaced with F(x,, y,) so we could
conclude

0, (k) - 2 / f H(x, — )0 — vy) > 0JdF (x,. 7))

max
I1<k<n
d{n“/z( Y) X - 80 < ¥ < ) (1
1<i<k
,1/21( Z (8 Ylgyz}”:Op(l)
k<,<n

We showed in the proof of Theorem 2.1 that n=32[nt](n — [nt])(F; l’”](x ¥) — Fua(x, »)) and n—32
{(n = [nD)Z << puge; — s[m])I{Xi <x Y < pp—[nZ,, ool — & X < XY, < )} converge
weakly to the same process, so in light of (12) and (13), it is heuristically clear that the limits in
Theorems 3.1 and 3.2 must be the same.
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